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Abstract. We prove an L^-estimate involving Ricci curvature and a 
harmonic 1-form on a closed oriented Riemannian 3-manifold admitting 
a solution of any rescaled Seiberg-Witten equations. We also give a 
necessary condition to be a monopole class in some specific cases. 



1. Introduction 

A second cohomology class is called a monopole class if it arises as the 
first Chern class of a Spin'^ structure for which the Seiberg-Witten equations 
admit a solution for every choice of a Riemannian metric. It is well-known 
by LeBrun [U [9l [11] that the existence of a monopole class gives various 
curvature estimates of a Riemannian 4-manifold. These immediately give 
corresponding estimates [18] on 3-manifolds by using the dimensional reduc- 
tion. 

Theorem 1.1 ([18j). Let {M,g) be a smooth closed oriented Riemannian 
3-manifold with bi{M) > 1. Suppose that it admits a solution of the Seiberg- 
Witten equations for a Spin^ structure s. Then 

167r2|ci(5) U 



f {s-)ld^g> 
Jm 



where {s-)g is min(sg,0) at each point and Sg is the scalar curvature of 
g. Furthermore if the Seiberg-Witten invariant of 5 is nonzero, then for a 
nonzero element to in Hjjj^(M) 

[ \r \'du > 

JM Jm \^\g "A^a 

where rg is the Ricci curvature of g. 
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Here, the Seiberg-Witten invariant in case of bi{M) = 1 means that of the 
chamber for arbitrarily small perturbations. We conjectured that the above 
Ricci curvature estimate still holds true when ci(5) is a monopole class. 

In this article, we show that it holds true if ci(s) is a strong monopole 
class meaning that it is the first Chern class of a Spin"^ structure of M 
which admits a solution of the rescaled Seiberg-Witten equations of s for 
any rescaling and any Riemannian metric. 

Following LeBrun we define the /-rescaled Seiberg-Witten equations 
on a 3-manifold M to be 

r DA<i> = 

[ Fa = {^(^^*- ^Id)/, 

where the rescaling factor / is a positive smooth function on M. An obvious 
but important fact is that if the Seiberg-Witten invariant of 5 is nonzero, 
then ci(s) is a strong monopole class. But it is not known yet whether every 
monopole class is a strong monopole class. 

In general, it is very difficult to find a monopole class which has zero 
Seiberg-Witten invariant. In dimension 4, Bauer and Furuta [HIS] devised a 
new refined invariant of Seiberg-Witten moduli space to prove the existence 
of a monopole class on some connected sums of Kahler surfaces. But it seems 
that no 3-dimensional example has been found yet. In the final section, we 
apply our curvature estimates to find a condition to be a monopole class in 
some specific examples. 

For a brief introduction to the Seiberg-Witten theory, the readers are 
referred to p^fTO]. 



2. The Yamabe problem for Modified scalar curvature 

Let {X,g) be a smooth closed oriented Riemannian 4-manifold and 
be the self-dual Weyl curvature. By the modified scalar curvature we mean 

& = s- V6\W+\. 

We will denote the set of C^'"^ metrics for a € (0, 1) conformal to g by [g]. 
Assume that there exists a metric in [g] with nonpositive J^^ & dfi. Then as 
observed by Gursky [6] and LeBrun [lOj . the standard proof of the Yamabe 
problem [13] proves that there exists a C^'" metric in [g] such that S is a 
nonpositive constant. As in Yamabe problem, it is a "minimizer" realizing 

2)(X,b]). mf i^^. 

96 [9] (Volg)2 



We also have 
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Lemma 2.1. For r G [2, oo], 



1 



2)(X, [g]) = - mf ( / \&g\^dfi~g)r{V0lg)-2'r 

96 [g] Jx 

where the infimum is realized only by the minimizer which is unique up to a 
constant multiplication. 

Proof. We will use the technique of Besson, Courtois, and Gallot [3]. Let g 
be a minimizer. Let g = w^g, where u : X ^ M.'^ is a function. Note that 
u satisfies the modified Yamabe equation 



Therefore 



Jx Jx Jx 

^ Ix -&gU^dHg 



I 2 r 



1 



Ix-i'^g + ^ld*du)dfig 



(VoL)2 



1 

gJ 



(Volg)^ 



> 



fx-&g dfig 



(VoL)2 



1 

gi 



where the first inequality is an application of the Holder inequality, and the 
equality holds iff n is a positive constant. It also follows that any minimizer 
is a constant multiple of g. □ 



3. RiCCI CURVATURE ESTIMATE 

Let us start with the following lemma : 

Lemma 3.1. Let {M,g) be a smooth closed oriented Riemannian 3-manifold 
and 5 be a Spin^ structure on it. If it admits a solution for a rescaled Seiberg- 
Witten equations, then any C'^'"' -metric g G [g\ also has a solution of the 
rescaled Seiberg-Witten equations for 5. 

Proof. We claim that if {A, ^) is a solution with respect to g, then (A, e~'^^) 
is a solution with respect to ^ = e'^^g. Mapping an orthonormal frame 
{61,62,63} of g to an orthonormal frame {6^'''6i, 6~'''e2, £"'''63} of g gives a 
global isomorphism of two orthonormal frame bundles and hence a global 
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isometry of the Clifford bundles. Tlien the identity map between the spinor 
bundles is an isometry. 

For a proof of the Spin'^ Dirac equation, one is referred to [7], and the 
curvature equation is immediate from the fact that 



Theorem 3.2. Let (M, g) be a smooth closed oriented Riemannian 3-manifold 
with bi (M) > 1 and s be a Spin^ structure on it. Suppose that it admits a 
solution for the rescaled Seiberg- Witten equations for any resettling. 

Then for any smooth metric g conformal to g and any nonzero uj G 



and the equality holds iff UJ is g-harmonic, and {M,g) is a Riemannian 
submersion onto with totally geodesic fiber isometric to a compact oriented 
surface of genus > 1 with a non-positive constant curvature metric whose 
volume form is a multiple of*LU, and [ci(5)] is a multiple of[*uj] in H'jjj^{M), 
where * denotes the Hodge star with respect to g. 

Proof. In order prove the inequality, we may assume ci(s) 7^ G /f^(M, M). 
Then the Seiberg- Witten equations have a irreducible solution for any metric 
in [g] , implying that there cannot exist a metric in [g] with nonnegative scalar 
curvature, and hence there exists a smooth metric in [g] with negative scalar 
curvature. 

For notational convenience, let g be any smooth metric in [g]. Consider 
the product metric g + dt"^ on M x 5^, where t £ [0, 1] is a global coordinate 
of S^. By the previous section, there exists a C^'" metric g £ [g + dt'^] which 
minimizes 2)(M x S^,[g + dt"^]) satisfying that s — \/6|W+| is a negative 
constant. 

Lemma 3.3. g is invariant under the translation along -direction. 

Proof. Let g = {g + dt^)ip for a positive smooth function ijj oto. M x S^, and 
we will show ip{x, t) = ip{x, i + c) for (x, t) £ M x for any c. 

Since {g + dt'^)'ip{x, t + c) is also a minimizer, by lemma ITT] there exists a 
smooth positive function ip on such that 



where / is the rescaling factor. 



□ 




il){x, t + c) = ip{c)'ip{x, t) 



SEIBERG-WITTEN EQUATIONS 
for any (x,i). For any c, 



AND 
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/ iP{X,t) dflg + dfi = / '(PiX,t + C) dfig + dfi 

JMxS^ JMxS^ 



where the first equahty is due to the translation invariance of dt^. Since 
ip > 0, we conclude that </>(c) = 1 for any c. □ 



We write the metric g as the warped form h+ f'^dt^ for f : M ^ where 
h is the metric f^g on M. Let {61,62,63,64 = ^} be a local orthonormal 
frame M x with respect to h + dt'^, and {uj'^\i = !,••• , 4} its dual coframe. 
Recall the Cartan's first structure equations : 



dio^ = -LJj A io^ , 



where ujj are the connection 1-from of /i + dt"^. Obviously uj\ are all zero for 
all i. Take an orthonormal coframe of g as {u>^,uj'^,io'^, fuj^} and applying 
the Cartan's first structure equations to {lo^,lo'^,lo'^, fu)"^}, we can see that 
the connection 1-forms tOj of g are given by 



for i,j = 1,2,3 



i^j = ^'^^ fo'^ i = 1' 2, 3. 



Let {A, $) be a solution of the j-rescaled Seiberg-Witten equations for 
s on (M, h) , whose existence is guaranteed by lemma 13.11 Then it is a 
translation-invariant solution of the Seiberg-Witten equations for s on (M x 
S\h + dt^). 

We claim that {A, ■^) is a solution of the unrescaled Seiberg-Witten equa- 
tions for s on (M x S^,h + f'^dt^). Let's denote the objects ol g = h + f'^dt^ 
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corresponding to that of /i + dt'^ by The Spin'^ Dirac equation reads 



4 

1=1 

i=l * j<fc 

i=l * j<A;<3 

j=i 

3 3 
i=l ^ ^ j<k<3 

1,4^ df 1 

= r^DA^ 

= 0, 



and the curvature equation reads 

Ft = \{FA + {*hFA)^C:^) 
~ '^{FA + {*hFA)^u^^) 

= ($®$*-L^id) 

where the equivalence in the second hne means the identification as an en- 
domorphism of the positive spinor bundle. (Mapping an orthonormal frame 
{ei, • • • , 64} of /i + dt^ to an orthonormal frame {ei, • • • ,63, 64} oih + pdt^ 
gives a global isomorphism of two orthonormal frame bundles, inducing a 
global isometry of the Clifford bundles. Then the identity map between the 
spinor bundles is an isometry.) 



Id, 
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Lemma 3.4. 



/ 



where (7r*ci)^ is the self-dual harmonic part o/7r*ci with respect to g + dt^ , 
and n : M X ^ M is the projection map. 

Proof. This immediately follows from LeBrun's method of theorem 2.2 in 
|10]. First by using lemma \27L\ 



I {^S j^dt-^-2\ hw+\ j^dt^fd^i j^dt^ > [ {'^Sg -iJ'^lW+lgfdUg, 



and the RHS is equal to 



1,1 .'A _ I 2 , , ,Q _ ,2 



dl^9)Hl \^Sg-2\/^\W+\gfd^lg)^^, (l) 

because ^ has constat |s — 2y^|W+|. Now we use the fact that (M x 

S^,g) admits a solution of the unrescaled Seiberg-Witten equations for s. 
Combining its Weitzenbock formula with the Weitzenbock formula for the 
self-dual harmonic 2-forms, we conclude that ([T]) is greater than or equal to 
327r2((7r*ci) + )2. □ 

Now using the above lemma, we get 

dfig = / kg+dt2|^ dfJ-g+dt^ 

M JMxS^ 

JmxS^ ^4 ^ ^ 

-8^^(2x + 3t)(M X S^) 

^ W {\s9+dfi-'^\ \\W+\9+dt^fd^g+dt^-^{'^) 

^ JMxS^ "3 V O 

/a/ l^lg ' 

where the second equality is just the 4-dimensional Chern-Gauss-Bonnet 
theorem, and the first inequality is simple applications of Holder inequality 
which was proved in LeBrun 

Lemma 3.5. The equality holds iff uj is harmonic, and {M x S'^^g + dt^) is 
a Kdhler manifold of non-positive constant scalar curvature with the Kdhler 
form a multiple of *uj + uj f\ dt , and [ci(s)] is a multiple of[*uj] in H'j^^{M). 
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Proof. Let's first consider the case when [ci] 7^ G H'jjj^{M). It is shown 
in [11] that both equalities in ([2]) and ^ hold iS g + dt^ is a Kahler metric 
of negative constant scalar curvature with the Kahler form a multiple of 
(7r*ci)+. The equality in (gD holds iff 



where (•)^ denotes the (7-harmonic part. 

When [ci] = S H'^j^{M), the equality implies that the metric is Ricci- 
flat.(In fact, it's a flat manifold T^/T, because the dimension is 3.) By the 
Weitzenbock formula for 1-forms, lo^ is a nonzero parallel 1-form. Then *lo^+ 



A dt is a nonzero parallel 2-form on (M x S^,g + dt'^), and hence a Kahler 
form with the obvious complex structure compatible with the orientation. 
Conversely suppose that (M x , g+dt^) is scalar-flat Kahler. Since a Kahler 
curvature is a (symmetric) section of A"*^'^ A^'"^, on any scalar-flat Kahler 
surface the Riemann curvature restricted to self-dual two forms must be 
zero, and hence so is Then by the 4-dimensional Chern-Gauss-Bonnet 
theorem 



/ \rg+dt2\'^dfJ-9+dt2 = [ disg+dfif + ^W+\l^^^2)d^lg 

-8tt^{2x + 3t){M X S^) 



giving the equality. □ 

Now if the equality holds, we have a parallel splitting of TM by oj and 
*uj, each of which gives a manifold of constant scalar curvature of dimension 
1 and 2 respectively. Thus the universal cover of {M,g) is isometric to 
or X R-^. Since M is a quotient by a discrete subgroup of Z'^ or 
PSL{2, M) X Z, (M, g) is obtained by identifying two boundaries of Tig x [0, 1] 
by an orientation preserving of {Ti,gc) which is a compact Riemann surface 
of genus > 1 with a constant curvature metric gc- Then {M,g) is locally a 
Riemannian product of (S,gc) and S^, i.e. a Riemannian submersion onto 

with totally geodesic fiber (S,(7c). 

Conversely, suppose that (M, g) is such an oriented Riemannian submer- 
sion TT : M — > S^. Then (M x S^,g + dt^) is a Kahler manifold with an 
obvious complex structure and a Kahler form dVL + 'K*ds f\ dt where dVt is 
the volume form of (S,g'c) and ds is the volume form of the base. Obviously 
the scalar curvature of g is just the constant scalar curvature of gc and the 
first Chern class of S is a multiple of dO, which is equal to *7r*ds^. 

This completes the proof. □ 



Remark As seen in the proof, the condition that (M, g) admits a solution 
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for the rescaled Seiberg-Witten equations for any rescaling is superfluous. 
It is enough to suppose that (M x S^,g) has a solution for the unrescaled 
Seiberg-Witten equations. □ 

Now let's discuss some immediate implications of the above theorem. 
First, by taking lo to be *Ci{s) where {■)^ denotes the harmonic part, we 
have 

Jm Jm 
More interestingly we can get a lower bound of L^-norm of a harmonic 1-form 
on M : 

Corollary 3.6. Under the same hypothesis as theorem \3.^ if g is not flat, 
(/ \u;\ldf,g)2 > 

Jm {jJ^^\rg\^d^lg)2 

where a is a convex combination of any two such ci (5) 's. 

4. Application 

Our curvature estimates provide an easy toolkit in the study of a closed 3- 
manifold M with a non-torsion monopole. In [18j, we derived the inevitabil- 
ity of collapsing when such a manifold has zero Yamabe invariant which 
implies the existence of a sequence of unit- volume Riemannian metrics {gi} 
on M satisfying infj J^j s'^^dfig- = 0. We also find a necessary condition to 
be a monopole class in a specific example as follows : 

Proposition 4.1 ([18j). Let M be a closed oriented 3-manifold which fibers 
over the circle with a periodic monodromy, and N be a closed oriented 3- 
manifold with bi{N) = 0. 

Then the rational part of a monopole class of M^N is of the form m[F] 
for an integer m satisfying \m\ < \xiF)\, where x{P) Euler character- 

istic of the fiber F . 

(N.B. : In the statement of the theorem 1.4 of [18j, bi{N) = is missing 
by mistake.) 

We give a little generalization of this. 

Proposition 4.2. Let Mi for i = 1, ■ ■ ■ ,n be a closed oriented 3-manifold 
which fibers over the circle with a periodic monodromy, and N be any closed 
oriented 3-manifold. 

Then the rational part of a monopole class of ■ ■ ■ ^Mnf^N is of the 
form (3 -\- Y^=i "^iWi] /o*" /5 £ H^{N, Z) and an integer mi satisfying \mi\ < 
—x{Fi), where x{Pi) the Euler characteristic of the fiber Fi in Mi. 
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Proof. Let a be a monopole class of X = ■ ■ ■ ^Mnij^N . 

First if any Fi is a 2-sphere, then the only possibility for Mi is S"^ x S"^ . 
Letting [w] be the Poincare-dual of Fj, we only have to show that it pairs 
zero with a. Let < e <C 1. 

Take a metric of positive scalar curvature on the Mj. For the connected 
sum, we take a small ball on Mj, and a representative u; of [uo] to be supported 
outside of that ball. Then perform the Gromov-Lawson type surgery [5l [TBI 
[T7j on it keeping the positivity of scalar curvature to get a compact manifold 
Mj' with a cylindrical boundary. And then contract it small enough so that 

\uj\^dii < e. 

On the other part of X, we put any metric such that it satisfies 

j (s^fdf, < 1, (5) 

and perform the Gromov-Lawson surgery such that the cylindrical boundary 
matches with that of the above- made M- while still satisfying ([5]) . 
After gluing these two pieces, we have that 

\uj\'^dfi < £ and / {s-)'^dfi < 1. 



IX JX 

Applying theorem ll.lt we get 

|47ra U [uj\\^ < e, 

which proves a U [w] =0. 

Secondly, let's consider the case of with xiFi) < 0. Let [uj] £ H^{Mi,R). 
In this case, i?^(Mj,M) is generated by 

7r*dt, and {[a] e H\Fi,R)\f*[a] = [a]}, 

where VTj : Mj is the projection map and fi is the monodromy diffeo- 

morphism. 

When [w] is one of the latter ones, we have to show that it pairs zero with 
a. We can express uj as 

n=l 

for such a satisfying [f*cr] = [a], where di is the order of fi. 

By taking a /j-invariant metric on Fi , we can put a locally-product metric 
on Mj such that vTj is a Riemannian submersion with totally geodesic fibers 
onto a circle of radius e and 

s^fdfi < £, (6) 
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We can take a small simply-connected open set B in Fi, which is invariant 
under fi, and take a representative a of the above [a] e H^{Fi,R) to be 
supported outside of B. 

For the connected sum, we perform the Gromov-Lawson surgery on B x 
C Mi where is the interval of length ^ to get with a cylin- 

drical end while still satisfying On the other part of X, as before we put 
a metric with cylindrical end isometric to that of this M'^ while satisfying 
®- 

After gluing two pieces, we have 

\uj\'^dfj, < Ce and / {s-)'^dfi < 1 + e, 



IX JX 

for a constant C > 0. Hence by theorem ll.il 

|47raU [uj\\^ < e(l + e), 

proving a U [w] = 0. 

Finally when lo = TT*dt, the adjunction inequality gives 

\{a,[F,])\<-x{F,). 

□ 



Remark As noted, Mj x S for Mj as above admits a Kahler metric of 
constant scalar curvature, and each Mj admits a dj-fold covering space which 
is Fi X S^. For Mj with Fi = 5^, one can use the argument of gluing 
moduli spaces of Seiberg-Witten equations along the cylindrical end to prove 
4-Ka Udt = 0. □ 

It seems plausible to conjecture : 

Conjecture 4.3. Let Ni for i = 1, ■ ■ ■ ,n be a closed oriented 3-manifold. 
Then (the rational part of) a monopole class of ■ ■ ■ i^Nn is expressed as 
Oi where Oi is a monopole class of Ni . 
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